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Abstract
We consider a topological coupling between a pseudo-scalar field and a 3-form
gauge field in N = 1 supersymmetric higher derivative 3-form gauge theories in
four spacetime dimensions. We show that ghost/tachyon-free higher derivative
Lagrangians with the topological coupling can generate various potentials for the
pseudo-scalar field by solving the equation of motion for the 3-form gauge field.
We give two examples of higher derivative Lagrangians and the corresponding
potentials: one is a quartic order term of the field strength and the other is the
term which can generate a cosine-type potential of the pseudo-scalar field.
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1 Introduction
3-form gauge theories in four dimensions (4D) have been investigated in various con-
texts. In quantum chromodynamics (QCD), 3-form gauge theories have been applied to
confinement [1,2], an effective description of the Chern–Simons 3-form [2,3], U(1) prob-
lem [4, 5], and strong CP problem [6, 7]. In cosmology, the 3-form gauge theories have
been studied in the cosmological constant problem [8–13], quintessence [14, 15], and
inflationary models [16–21]. The 3-form gauge theories are also related to condensed
matter physics, e.g., superconductor [22] and quantum Hall effect [23].
A supersymmetric (SUSY) extension of the 3-form gauge theories was introduced in
Ref. [24], and then it was embedded into supergravity (SUGRA) [25–27] (see Refs. [28–
30] as a review). The SUSY 3-form gauge theories were also extensively studied with
various applications: gaugino condensation in SUSY Yang–Mills theories [31–33], cou-
pling with a membrane [34–36], alternative formulation of old-minimal SUGRA [34,
37–39], Stu¨ckelberg coupling [40–43], topological coupling [42, 44, 45], complex 3-form
1
gauge theories [35,36,39], extended SUSY [46], the cosmological constant problem [38],
SUSY breaking [38,47,48], and inflationary models [44, 49].
One of the virtues of the 3-form gauge theories is that the 3-form gauge field can
generate a potential for a pseudo-scalar field with a topological coupling between the
3-form and the pseudo-scalar field [4, 6, 7, 14, 16, 50]. This mechanism was applied
to effective theories of QCD [4, 6, 7, 51], cosmology [14–21, 52], and string effective
theories [53–55]. The pseudo-scalar field is often assumed to have a shift symmetry
like a Goldstone boson or an axion, but a potential term generally break the shift
symmetry of the pseudo-scalar field. It was pointed out that the topological coupling
preserves the shift symmetry of Lagrangians, and the shift symmetry is spontaneously
broken [14, 16]. A merit of this mechanism is that the potentials can be obtained by
only assuming the symmetries of infrared theories, but not necessarily depend on details
of ultraviolet models. This mechanism can also be considered in SUSY theories. In the
SUSY theories, the field strength of the 3-form gauge field can be embedded into an
auxiliary field of a chiral superfield given by a real superfield [24]. The topological
coupling is given by choosing appropriate superpotential [42,44,45]. This coupling was
applied to SUGRA inflationary models [44,49].
In the above applications, the 3-form gauge theories are often regarded as infrared
(low energy or long range) effective theories. Since effective theories inevitably include
nonrenormalizable interactions which generally depend on an ultraviolet (high energy
or short range) cutoff parameter, it is natural to consider such nonrenormalizable terms
in the 3-form gauge theories. The nonrenormalizable terms may be given by functions
of the field strength of the 3-form gauge field rather than the 3-form gauge field itself
because Lagrangians should be gauge invariant. Since the field strength is given by a
spacetime derivative of the gauge field, the nonrenormalizable terms given by the field
strength are regarded as higher derivative terms.
The higher derivative terms with the topological coupling in the 3-form gauge the-
ories can generate various potentials for the pseudo-scalar field while preserving the
shift symmetry for the pseudo-scalar field [6, 7, 17, 21]. Indeed, a cosine-type potential
for the pseudo-scalar field can be generated by choosing appropriate higher derivative
terms [6]. This is in contrast to the case of the quadratic (canonical) kinetic term
for which only the mass term (quadratic potential) for the pseudo-scalar field can be
generated. This mechanism has been applied to the strong CP problem [6, 7] and in-
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flationary models [17, 21]. For SUSY 3-form gauge theories, generating the potentials
by the topological coupling and the higher derivative terms has been described in a
quartic order of the field strength [44]. However, the general form of the potentials for
the pseudo-scalar field has not been understood in our knowledge. The purpose of this
paper is to investigate this general form of the potentials generated by the topological
coupling and the higher derivative terms in SUSY 3-form gauge theories.
In the 3-form gauge theories, however, some higher derivative terms may lead to
a tachyon instability when derivatives of the field strength are included in addition to
the canonical kinetic term [56]. This instability is different from that of scalar field
theories. For scalar field theories, derivative terms on a scalar field higher than the
first order may give a so-called Ostrogradsky’s ghost instability [57, 58]. While for the
3-form gauge theories, the derivative terms of the field strength of the 3-form gauge
field [59–61] do not cause such ghosts in general [62] but may cause a tachyon. Note
that the tachyon can also be a dynamical ghost depending on the parameter of the
higher derivative term. This ghost is different from the Ostrogradsky’s ghost.
One of the sufficient conditions for the ghost/tachyon-free Lagrangians is that the
Lagrangians should have an arbitrary function of the field strength but do not consist
of derivative terms of the field strength of a 3-form gauge field [56]. Previously known
models in Refs. [6, 7, 17, 21] fall into this class. This condition is not a necessary con-
dition: if the canonical kinetic term is absent or has the wrong sign [62], there is no
tachyon instability. In SUSY 3-form gauge theories, the ghost/tachyon-free Lagrangians
were considered in the quartic order of the field strength [44]. Later, the Lagrangians
with an arbitrary order of the field strength were established [56]. Note that these
SUSY Lagrangians are based on ghost-free Lagrangians for chiral superfields formu-
lated in Refs. [63–66], which have been applied in many contexts in SUSY effective field
theories [67–91]∗1.
In this paper, we show a general framework and concrete examples of the generation
of such the potentials by using the topological coupling and the higher derivative terms
in bosonic and N = 1 SUSY 3-form gauge fields. For the bosonic 3-form gauge the-
ories, we show a relation between the ghost/tachyon-free higher derivative terms and
generated potentials. While the relation has been known by using dual formulations
∗1 For vector superfields, ghost-free higher derivative Lagrangians were considered in Refs. [72,92–97].
The ghost-free higher derivative Lagrangian with an arbitrary order of the field strength was formulated
in Ref. [98] and applied in Refs. [99–103]
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of the 3-form gauge theories in Ref. [6], we show a direct derivation which is given in
terms of the 3-form gauge field itself.
For the SUSY 3-form gauge theories, we use ghost/tachyon-free Lagrangians of
the 3-form gauge field with an arbitrary order of the field strength [56] in order to
avoid the instabilities explained above. First, we give a bosonic part of the SUSY
Lagrangian with the topological coupling and an arbitrary order of the field strength
by using the ghost/tachyon-free Lagrangian of the 3-form gauge field. Second, we
show a general expression of the potentials of the pseudo-scalar field generated by the
topological coupling. Finally, we give two examples of the higher derivative terms and
the generated potentials. One is a quartic order of the field strength. This quartic
higher derivative term was described in Ref. [44], and we derive the generated potential
explicitly. Another is a cosine-type potential. We show that such the potential can also
be obtained by choosing an appropriate SUSY higher derivative terms.
This paper is organized as follows. In Sec. 2, we first review the potential generation
mechanism in bosonic 3-form gauge theories. We then show a direct derivation of the
generated potential [6] in terms of the 3-form gauge field itself. In Sec. 3, we discuss the
SUSY extension of the potential generation mechanism in the 3-form gauge theories.
In Sec. 4, we summarize this paper. We use the notations and conventions of Ref. [104].
2 3-form gauge theories with a topological coupling
In this section, we first review the role of the topological coupling with a pseudo-scalar
field to generate a mass term (potential) of the pseudo-scalar field in 3-form gauge
theories [4, 6, 7, 14, 16]. We then show the relation between the ghost/tachyon-free
higher derivative terms and the generated potential in terms of the 3-form gauge field
itself rather than a dual formulation of the 3-form gauge theories. A virtue of the 3-form
is a mass (potential) generation of a shift symmetric pseudo-scalar field.
2.1 3-form gauge field
A 3-form gauge field Cmnp is a third-rank anti-symmetric tensor [1]. The gauge tran-
formation is given by
δ3Cmnp = ∂mλnp + ∂nλpm + ∂pλmn, (2.1)
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where δ3 denotes an infinitesimal gauge transformation of 3-form gauge field, and λmn
is a second-rank anti-symmetric tensor parameter. To describe the kinetic term for the
3-form gauge field, we introduce the field strength of the 3-form gauge field as
Fmnpq = ∂mCnpq − ∂nCmpq + ∂pCmnq − ∂qCmnp. (2.2)
It is convenient to define the Hodge dual of the field strength F := 1
4!
mnpqFmnpq, where
mnpq is the totally anti-symmetric tensor with the normalization 0123 = +1.
Then the quadratic (canonical) kinetic term for the 3-form gauge field is given by
Lkin. = − 1
2 · 4!F
mnpqFmnpq +
1
3!
∂m(C
mnpFmnpq) = +
1
2
F 2 − 1
3!
∂m(mnpqC
mnpF ) (2.3)
with the following gauge invariant boundary condition for the 3-form gauge field:
F |bound. = −f0, (2.4)
where the symbol |bound. denotes the value at the boundary, f0 is a real constant, and
the minus sign is just a convention. The term 1
3!
∂m(C
mnpFmnpq) in Eq. (2.3) is the
boundary term for the 3-form gauge field, which is needed for the vanishing of the
functional variation of the 3-form gauge field at the boundary. If this boundary term
were absent, the functional variation of the 3-form gauge field would not vanish, and
the equation of motion (EOM) for the 3-form gauge field and the energy-momentum
tensor would be inconsistent [12,13].
2.2 Topological coupling with a pseudo-scalar field
In this subsection, we introduce a topological coupling between the 3-form gauge field
and a pseudo-scalar field [4,6,7,14,16]. This coupling can be applied to the generation
of a potential compatible with a shift symmetry for the pseudo-scalar field [14, 16]. In
general, the shift symmetry is broken by a potential term for the pseudo-scalar field.
However, there is a mechanism of the generation of the potential which is compatible
with the shift symmetry of the pseudo-scalar field if we consider a 3-form gauge field:
the potential can be generated by a topological coupling between the 3-form gauge field
and the pseudo-scalar field φ of the form φmnpqFmnpq.
The Lagrangian is given by
Ltop. = − 1
2 · 4!F
mnpqFmnpq − 1
2
∂mφ∂mφ+
1
4!
mφmnpqFmnpq
+
1
3!
∂m(CnpqFmnpq −mφmnpqCnpq)
(2.5)
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with the boundary condition for the pseudo-scalar field
φ|bound. = φ0 (2.6)
and the one for the field strength in Eq. (2.4). In Eq. (2.5), m is a mass-dimension one
real parameter which will be a mass of the pseudo-scalar field φ. The boundary term
+ 1
3!
∂m(CnpqFmnpq −mφmnpqCnpq) is determined by the requirement that the variation
of the 3-form at the boundary should vanish.
The Lagrangian has a shift symmetry of the pseudo-scalar field
φ→ φ+ k, (2.7)
where k is a real constant. Under the shift of the pseudo-scalar field, the Lagrangian is
varied as
Ltop. → Ltop. + 1
4!
mkmnpqFmnpq − 1
3!
mk∂m(mnpqC
npq)
= Ltop. + 1
4!
mkmnpqFmnpq − 1
4!
mkmnpqF
mnpq = 0.
(2.8)
Thus, the shift of the bulk term is canceled by that of the boundary term.
The generation of the mass term can be seen by solving EOM of the 3-form gauge
field. The EOM of the 3-form gauge field is
0 = ∂mFmnpq − mnpqm∂mφ. (2.9)
Therefore, we can solve the EOM as
Fmnpq = mnpq(mφ+ c), (2.10)
where c is a constant determined by the boundary conditions for F and φ as c =
f0 −mφ0. Substituting this solution into the Lagrangian in Eq. (2.5), we obtain
Ltop. = +1
2
(mφ+ c)2 − 1
2
∂mφ∂mφ−mφ(mφ+ c) + 1
3!
c∂m(mnpqC
npq)
= −1
2
∂mφ∂mφ− 1
2
(mφ+ c)2.
(2.11)
Therefore, the topological coupling gives us the mass of the pseudo-scalar field.
6
2.3 Higher derivative term and topological coupling
We have seen that the Lagrangian with the canonical kinetic term and the topological
coupling can generate the mass term for the pseudo-scalar field. This mechanism can
be generalized to more complicated potentials than the mass term. Such potentials can
be generated by introducing higher derivative interactions for the 3-form gauge field
as shown below. We will consider a class of the higher derivative terms which do not
cause either tachyon nor ghost instability. The higher derivative terms for the 3-form
gauge fields often cause tachyon and/or ghost instability, although such the instability
is absent if there are no derivative terms on the field strength.
A ghost/tachyon-free higher derivative Lagrangian with the topological coupling can
be written as
Ltop.,HD = G(F )− 1
2
∂mφ∂mφ+mφF − 1
3!
mnpq∂m(G
′(F )Cnpq +mφCnpq). (2.12)
Here, G is an arbitrary function of the field strength [6, 7]. The canonical kinetic
term can be included into G as G(F ) = +1
2
F 2 · · · . The term − 1
3!
mnpq∂m(G
′(F )Cnpq +
mφCnpq) is the boundary term for the higher derivative term and the topological term.
The boundary term for the higher derivative term has been determined by requiring
the vanishing of the functional variation of the 3-form at the boundary [56]. We assume
the same boundary conditions for the field strength F and the pseudo-scalar field φ as
Eq. (2.4) and Eq. (2.6), respectively.
The potential for the pseudo-scalar field can be obtained by solving the EOM for
the 3-form gauge field as in the previous case. The EOM for the 3-form gauge field is
0 = ∂mG
′(F ) +m∂mφ. (2.13)
This can be solved as
−G′(F ) = mφ+ c, (2.14)
where c is a constant determined by the boundary condition for the field strength and
the pseudo-scalar field. By this equation, the field strength F can be implicitly solved
in terms of the pseudo-scalar field φ: F = F (φ). Then, the Lagrangian becomes
Ltop.,HD = −1
2
∂mφ∂mφ+G(F )− FG′(F ). (2.15)
The term G(F )−FG′(F ) is now the potential for the pseudo-scalar field. If we choose
the function G(F ) as the canonical kinetic term as G(F ) = +1
2
F 2, we can obtain the
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mass term, since the solution to the EOM and the potential term G(F )− FG′(F ) are
F +mφ = −c and −1
2
(mφ+ c)2, respectively.
Generally, we can obtain an arbitrary potential for the pseudo-scalar field V (φ) by
using this topological coupling [6]. The potential V can be given in terms of the 3-form
gauge field as
V (φ) = −G(F ) + FG′(F ). (2.16)
The derivative of the both hand sides by φ is V ′(φ) = FG′′(F )∂F
∂φ
, and the derivative
of Eq. (2.14) by φ leads to
V ′(φ) = −mF. (2.17)
Thus, the relation between the higher derivative term and the potential is
V ′(φ) = −m(G′)−1(−mφ− c). (2.18)
We should comment on the comparison with the previous work in Ref. [6]. In the
procedure in Ref. [6], the dual description of the 3-form was applied to derive Eq. (2.18).
Now, we have shown that the mechanism of the potential generation is directly obtained
in terms of the 3-form gauge field itself.
As a concrete example, we review the generation of a cosine potential for the pseudo-
scalar field given in Ref. [6]. The Lagrangian is given by
Lcos = M2F arcsin F
M2
+M4
√
1− F
2
M4
− 1
2
∂mφ∂mφ+mφF
− 1
3!
mnpq∂m
(
CnpqM
2 arcsin
(
F
M2
)
+mφCnpq
)
,
(2.19)
where M is a scale parameter with mass dimension one. Here, the higher derivative term
has been chosen so that the relation between the potential and the higher derivative
term in Eq. (2.18) is satisfied:
G(F ) = M2F arcsin
F
M2
+M4
√
1− F
2
M4
. (2.20)
The EOM for the 3-form gauge field is
1√
1− F
2
M4
∂mF +m∂mφ = 0. (2.21)
This can be solved as
mφ+ c = −M2 arcsin
(
F
M2
)
, (2.22)
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where c is a constant. Thus, we can express F in terms of φ:
F = −M2 sin
(
mφ+ c
M2
)
. (2.23)
Substituting the solution into Eq. (2.19), we obtain
Lcos = −1
2
∂mφ∂mφ+M
4 cos
(
mφ+ c
M2
)
. (2.24)
3 Higher derivative terms and scalar potentials in
SUSY 3-form gauge theories
In this section, we consider an N = 1 SUSY extension of the generation of the poten-
tials of a pseudo-scalar field by the topological coupling and higher derivative terms for
the 3-form gauge field. In this paper, we use superspace in order to formulate mani-
festly SUSY theories. The superspace is spanned by the bosonic spacetime coordinates
(xm) and the fermionic coordinates given by Grassmann numbers (θα, θ¯α˙), where un-
dotted and dotted Greek letters beginning with α, β, ... and α˙, β˙, ... denote undotted
and dotted spinors, respectively. Thus, the coordinates of the superspace are denoted
as (xm, θα, θ¯α˙). We use the notation and convention of the Ref. [104].
3.1 3-form gauge field in superspace
Here, we briefly review SUSY 3-form gauge theories [24, 39, 40]. In the superspace, a
3-form gauge field Cmnp is embedded into a real superfield X satisfying X
† = X as
follows:
Cmnp =
√
2
8
mnpq(σ¯
q)α˙α[Dα, D¯α˙]X|. (3.1)
Here, (σ¯q)α˙α denotes 4D Pauli matrices, Dα and D¯α˙ are super-covariant spinor deriva-
tives, and the vertical bar “|” denotes the θ = θ¯ = 0 projection in the superspace.
Hereafter, we will call X “3-form prepotential” [28]. The gauge transformation of the
3-form prepotential in the superspace is given by a chiral superfield parameter Υα
satisfying D¯α˙Υα = 0 as
δ3,SUSYX =
1
2i
(DαΥα − D¯α˙Υ¯α˙). (3.2)
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The field strength of the 3-form gauge field is embedded into a chiral superfield Y ,
which is related to the original real superfield X as follows:
Y = −1
4
D¯2X, (3.3)
Fmnpq = mnpq
√
2i
8
(D2Y − D¯2Y¯ )|. (3.4)
Note that Y is invariant under the gauge transformation in Eq. (3.2). In the SUSY
3-form gauge theories, there are superpartners of the 3-form gauge field, and they are
also embedded into the chiral superfield Y . The superpartners are a complex scalar field
y = Y |, a Weyl fermion χα = 1√2DαY |, and a real auxiliary fieldH = −
√
2
8
(D2Y+D¯2Y¯ )|.
It will be useful to define the combination of the field strength and the auxiliary field
H as
F = −1
4
D2Y | = 1√
2
(H − iF ). (3.5)
In SUSY 3-form gauge theories, we assume the boundary conditions for the 3-form
prepotential. The boundary condition for the 3-form gauge field is
δY |bound. = −1
4
(D¯2δX)|bound. = 0, (3.6)
where δ denotes the functional variation of fields. This boundary condition leads to
δy|bound. = δχα|bound. = δH|bound. = δF |bound. = 0. We further assume the same bound-
ary condition for the field strength F as
F |bound. = −f0, (3.7)
which is consistent with the boundary condition in Eq. (3.6).
The Lagrangian with the canonical kinetic term of the 3-form gauge field can be
written by
Lkin.,SUSY = −1
8
∫
d2θD¯2Y Y¯ +
i
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)
TIX + h.c., (3.8)
where
∫
d2θ = −1
4
D2| is the so-called F-type integration. We use−1
8
(
∫
d2θD¯2+
∫
d2θ¯D2)
for the so-called D-type integration in stead of conventional
∫
d4θ to fix the definition of
the D-type integration. The first term leads to the canonical kinetic term of the 3-form
gauge field, while the second term gives us the boundary term for the first term. The
superfield TI is the imaginary part of the chiral superfield T : TI =
1
2i
(T − T¯ ), and T is
defined by
T = −1
4
D¯2Y¯ . (3.9)
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The chiral superfield T is chosen by the requirement that the functional variation of
the prepotential X should vanish at the boundary.
The bosonic part of the Lagrangian can be expressed in terms of the component
fields as follows:
Lkin.,SUSY = −∂my∂my¯ + 1
2
F 2 +
1
2
H2 − 1
3!
∂m(
mnpqFCnpq), (3.10)
where we have used the Wess–Zumino (WZ) gauge for the 3-form prepotential:
X| = 0, DαX| = 0, D¯α˙X| = 0. (3.11)
Note that we hereafter omit fermions in the Lagrangians for the component fields, which
will be irrelevant to the discussion of the generation of the potentials.
3.2 Scalar potential for a pseudo-scalar field
Here, we review the generation of the scalar potential for the pseudo-scalar field by
topological coupling and the canonical kinetic term for the 3-form gauge field in SUSY
field theories [44]. The pseudo-scalar field φ is embedded into a chiral superfield Φ:
φ =
√
2
2i
(Φ− Φ¯)|. (3.12)
The shift transformation of the pseudo-scalar field is given by
Φ→ Φ + ik, (3.13)
where k is a real constant. In the SUSY theories, there are superpartners of the pseudo-
scalar field. The superpartners of the pseudo-scalar field are a real scalar field s, a Weyl
fermion ψα, and a complex auxiliary field FΦ. They are given by
s =
√
2
2
(Φ + Φ¯)|, ψα = 1√
2
DαΦ|, FΦ = −1
4
D2Φ|. (3.14)
It will be convenient to define the following complex scalar field
ϕ = Φ| = 1√
2
(s+ iφ), (3.15)
which we will use in section 3.3. We assume the same boundary condition for the
pseudo-scalar field as Eq. (2.6):
φ|bound. = φ0. (3.16)
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Note that the boundary conditions for the other fields in Φ will not be used in the
following discussion, therefore we do not show them explicitly.
The topological coupling between the pseudo-scalar field and the 3-form gauge field
can be introduced by the superpotential mΦY . The total Lagrangian is given by
Ltop.,SUSY = −1
8
∫
d2θD¯2
(
1
2
(Φ + Φ¯)2 + Y Y¯
)
+m
∫
d2θΦY
+
i
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)
TI,top.X + h.c.
(3.17)
Here, the second line of the Lagrangian is the boundary term. The superfield TI,top. in
the boundary term is the imaginary part of the chiral superfield Ttop. given by
Ttop. = −1
4
D¯2Y¯ +mΦ. (3.18)
This chiral superfield is chosen so that the functional variation of the prepotential X
should vanish at the boundary. This Lagrangian is invariant under the shift trans-
formation of the chiral superfield Φ in Eq. (3.13). The shift transformations of the
superpotential and the boundary term are canceled by each other, since these transfor-
mations are given by
m
∫
d2θΦY + h.c.→ m
∫
d2θΦY +mik
∫
d2θY + h.c. (3.19)
and
i
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)
TI,top.X + h.c.
→ i
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)
(TI,top. +mk)X + h.c.
=
i
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)
TI,top.X − i
2
mk
(∫
d2θY −
∫
d2θ¯Y¯
)
+ h.c.
(3.20)
The scalar potential for the pseudo-scalar field can be seen by solving the EOM for
the auxiliary fields and the field strength of the 3-form gauge field. In order to obtain
the EOM, it is convenitent to express the bosonic part of the Lagrangian. The bosonic
part of the Lagrangian is
Ltop.,SUSY = −∂my∂my¯ + 1
2
F 2 +
1
2
H2 − 1
2
∂mφ∂mφ− 1
2
∂ms∂ms+ FΦF¯Φ
+m(yFΦ + y¯F¯Φ + Fφ+Hs)− 1
3!
∂m(
mnpq(F +mφ)Cnpq),
(3.21)
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where we have used the WZ gauge. The EOM for the field strength and the auxiliary
fields are
F +mφ = −c, H = −ms, F¯Φ = −my. (3.22)
Substituting the solutions into the Lagrangian in Eq. (3.21), we obtain
Ltop.,SUSY = −∂my∂my¯ − 1
2
∂mφ∂mφ− 1
2
∂ms∂ms
−m2|y|2 − 1
2
m2s2 − 1
2
(mφ+ c)2.
(3.23)
The last term is the mass term for the pseudo-scalar field. Note that the mass term for
the scalar field s is also generated due to SUSY.
3.3 Scalar potential from higher derivative terms
In this subsection, we consider the generation of the potentials for the pseudo-scalar
field from the topological coupling and the ghost/tachyon-free higher derivative terms
of the 3-form gauge field, which is our new result in this paper.
In the previous sections 2.2 and 3.2, we have seen that the quadratic potential (mass
term) can be generated by the quadratic (canonical) kinetic term of the 3-form gauge
field in the bosonic and SUSY 3-form gauge theories, respectively. Furthermore, we
have reviewed in section 2.3 that more general potentials can be generated by higher
derivative terms of the 3-form gauge field. Thus, we can consider the potential genera-
tion mechanism in SUSY field theories.
Since a Ka¨hler potential and a superpotential can only generate at most quadratic
terms of the field strength, we should consider higher derivative terms of the 3-form
gauge field. We thus use the higher derivative term of the 3-form gauge field proposed
in Ref. [56]. This higher derivative term gives us the terms of an arbitrary order of the
field strength. Note that some higher derivative terms of the 3-form gauge field such
as ∂mF∂mF may cause tachyons and/or ghosts, although the higher derivative terms
which we will use are free from such instabilities.
3.3.1 General arguments
Here, we consider a general expression of the scalar potential generated by the topolog-
ical coupling and the higher derivative terms of the 3-form gauge field. A Lagrangian
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with the topological coupling and higher derivative terms is given by∗2
Ltop.,HD,SUSY = −1
8
∫
d2θD¯2
(
1
2
(Φ + Φ¯)2 + Y Y¯
)
+m
∫
d2θΦY
− 1
8 · 16
∫
d2θD¯2Λ(DαY )(DαY )(D¯α˙Y¯ )(D¯
α˙Y¯ )
+
i
8
(∫
d2θD¯2 −
∫
d2θ¯D2
)
TI,top.,HDX + h.c.
(3.24)
Here, Λ is a real function of D2Y and D¯2Y¯ :
Λ = Λ
(
D2Y, D¯2Y¯
)
. (3.25)
The second line in Eq. (3.24) is the higher derivative term for the 3-form gauge field.
The last line in Eq. (3.24) is the boundary term for the Lagrangian. The superfield
TI,top.,HD in the last line is the imaginary part of the following chiral superfield
Ttop.,HD = −1
4
D¯2Y¯ +mΦ
− 1
4 · 16D¯
2
(
∂Λ
∂Y
|DαY |4 +D2
(
∂Λ
∂D2Y
|DαY |4
)
− 2Dα(Λ(DαY )(D¯α˙Y¯ )(D¯α˙Y¯ ))
)
.
(3.26)
The superfield can be determined by requiring that the functional variation of the 3-
form prepotential at the boundary should vanish [56]. The bosonic part of the θ = θ¯ = 0
component of the chiral superfield Ttop.,HD is
Ttop.,HD| = F¯ + 1√
2
m(s+ iφ) + 2Λ|F|2F¯ − 2ΛF¯∂my∂my¯
− 4
(
∂Λ
∂D2Y
|
)(|F|4 − 2∂my∂my¯|F|2 + (∂my∂my)(∂ny¯∂ny¯)) . (3.27)
The Lagrangian in Eq. (3.24) is invariant under the shift of the chiral superfield Φ →
Φ + ik, with a real constant k. This is because the higher derivative term only depends
on Y , and does not break this shift symmetry of Φ.
∗2In this Lagrangian, we consider the simplest Ka¨hler potential 12 (Φ + Φ¯)
2 + Y Y¯ , although this
quardratic kinetic term can be exnteneded to a general form K(Φ + Φ¯, Y, Y¯ ) while preserving the shift
symmetry of the chiral superfield Φ. The chiral superfield Φ can be dualized into a deformed real linear
multiplet L satisfying L† = L and − 14D¯2L = mY (see e.g. [44,48]). The authors thank S. M. Kuzenko
for comments on the generalization of the Ka¨hler potential and the dual transformation.
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In order to discuss the potential for the pseudo-scalar field, we show the bosonic
part of the Lagrangian in Eq. (3.24):
Ltop.,HD,SUSY = −∂my∂my¯ + FF¯ − 1
2
∂mφ∂mφ− 1
2
∂ms∂ms+ FΦF¯Φ
+m(yFΦ + y¯F¯Φ + Fϕ+ F¯ ϕ¯)
+ Λ
(
|F|4 − 2|F|2∂ny∂ny¯ + (∂ny∂ny)(∂py¯∂py¯)
)
−
√
2
3!
∂m (TI,top.,HD|mnpqCnpq) .
(3.28)
Here, we have used the complex auxiliary field F , instead of F and H, since it will be
convenient to see the potentials for the pseudo-scalar field φ and its superpartner s.
Now, we see the mechanism of the potential generation in the higher derivative
SUSY 3-form gauge theories. To obtain the potential, we solve the EOM for the field
strength and auxiliary fields as in section 3.2. The solution to the EOM for the auxiliary
field FΦ is the same: FΦ = −my¯. While, the solutions to the EOM for F and H are
deformed by the higher derivative terms as
− 1√
2
ic =F¯ +mϕ+ ∂Λ
∂F (|F|
4 − 2|F|2(∂my∂my¯) + (∂my∂my)(∂ny¯∂ny¯))
+ 2Λ(|F|2F¯ − F¯∂my∂my¯),
(3.29)
where c is determined by the boundary conditions. Note that the EOM and thier
solutions for F and H can be derived by the variation of the 3-form pretpotential X in
the superspace [56]. The on-shell Lagrangian is therefore
Ltop.,HD,SUSY = −∂my∂my¯ + FF¯ − 1
2
∂mφ∂mφ− 1
2
∂ms∂ms−m2|y|2
+ F
(
mϕ+
1√
2
ic
)
+ F¯
(
mϕ¯− 1√
2
ic
)
+ Λ
(
|F|4 − 2|F|2∂ny∂ny¯ + (∂ny∂ny)(∂py¯∂py¯)
)
,
(3.30)
where we have implicitly substituted the solution in Eq. (3.29) into F in the on-shell
Lagrangian.
We consider the relation between the higher derivative terms of the 3-form gauge
field and the generated potentials for the pseudo-scalar field. The potential term can
be simply seen by setting spacetime derivatives on the following fields to zero: ∂my =
∂my¯ = ∂ms = ∂mφ = 0. When the derivatives on the fields are set to zero, the
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Lagrangian in Eq. (3.28) becomes
Ltop.,HD,SUSY = G + FΦF¯Φ +m(yFΦ + y¯F¯Φ + Fϕ+ F¯ ϕ¯)
−
√
2
3!
∂m
(
mnpqCnpqIm
(
∂G
∂F +mϕ
))
.
(3.31)
Here, G = G(F , F¯) is a real function of F and F¯ defined by
G = FF¯ + Λ|F|4, (3.32)
which can be understood as a SUSY extension of G(F ) in Eq. (2.12). The solution to
the auxiliary field F is simplified as
− 1√
2
ic = F¯ +mϕ+ ∂Λ
∂F |F|
4 + 2Λ|F|2F¯ . (3.33)
This leads to the relation between F and the scalar field ϕ as
− 1√
2
ic−mϕ = ∂G
∂F . (3.34)
Thus, the potential part of the on-shell Lagrangian is
Ltop.,HD,SUSY = G − F ∂G
∂F − F¯
∂G
∂F¯ −m
2|y|2. (3.35)
We thus obtain the relation between the on-shell potential of the scalar field V(ϕ, ϕ¯)
and the function of the field strength G as
V = −G + F ∂G
∂F + F¯
∂G
∂F¯ , (3.36)
which can be seen as a SUSY extension of the relation between the potential for the
pseudo-scalar field V (φ) and the function of the field strength G(F ) in Eq. (2.16). Note
that the relation between the auxiliary field F and the potential can be obtained from
Eq. (3.34) and the derivatives of the both sides of Eq. (3.36) by ϕ:
∂V
∂ϕ
= −mF , (3.37)
which is a SUSY extension of Eq. (2.17).
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3.3.2 Example 1: Λ = constant
As a simple example, we consider the case where Λ is a constant: Λ = Λ0, which was
described in Ref. [44] and we will explicitly solve the EOM. In this choice of Λ, G is
given by
G = |F|2 + Λ0|F|4, (3.38)
while the on-shell potential V is
V = |F|2 + 3Λ0|F|4. (3.39)
In order to obtain the potential, we express F in terms of ϕ by solving the EOM. The
EOM for F is
− 1√
2
ic−mϕ = F¯ + 2Λ0|F|2F¯ . (3.40)
By using Eq. (3.40), the auxiliary field F can be related to the Hermitian conjugate F¯
as
F = −
1√
2
ic+mϕ+ F¯
2Λ0F¯2 . (3.41)
Substituting the Hermitian conjugate of the relation,
F¯ = −
− 1√
2
ic+mϕ¯+ F
2Λ0F2 , (3.42)
into Eq. (3.40), we obtain
2Λ0
(
1√
2
ic+mϕ
)
F3 +
(
− 1√
2
ic+mϕ¯
)
F +
(
− 1√
2
ic+mϕ¯
)2
= 0. (3.43)
This can be solved by using the Cardano’s formula [74]
F = e−iηωk 3
√
−q
2
+
√(q
2
)2
+
(p
3
)3
− e−iηω3−k 3
√
q
2
+
√(q
2
)2
+
(p
3
)3
, (3.44)
where
mϕ+
ic√
2
= reiη, p =
1
2Λ0
, q =
r
2Λ0
, ω3 = 1, k = 0, 1, 2. (3.45)
Here, r > 0 and η are real parameters. The on-shell potential for the scalar field V is the
one obtained by substituting the solution in Eq. (3.44) into the potential in Eq. (3.39).
Examples of the on-shell potentials are found in Figure 1 and 2 for k = 0, 1, respectively
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Figure 1: On-shell potential for k = 0 with m4Λ0 = 10. The right figure corresponds to s = 0 in the
left figure.
(the potential for k = 2 can be obtained by c + mφ → −(c + mφ) of the potential for
k = 1).
The higher derivative terms generally deform the vacuum structure. In particular,
SUSY can be spontaneously broken in the vacuum by the effect of the higher derivative
terms [96]. Here, we discuss the vacuum structure in this model. In the following
discussion, we assume Λ0 > 0 for the stability of the system.
As in ordinary chiral superfield cases, whether SUSY is preserved or broken can be
examined by the condition whether F = 0 is consistent with the EOM of F or not. To
examine it, let us assume F = 0. By the EOM for F in Eq. (3.40), the assumption
F = 0 leads to the condition for ϕ:
ϕ = − ic√
2m
. (3.46)
Substituting this condition into the EOM in Eq. (3.44), one can show that the branch
k = 0 (called the canonical branch) is only consistent with the condition in Eq. (3.46),
while the branches k = 1, 2 (called the non-canonical branches) are not. This can be
seen as follows. We express ϕ around the condition in Eq. (3.46) as ϕ = − ic√
2m
+ eiη0 ,
where  is a real small parameter /m 1, and η0 is an angle. The vacuum corresponds
to  = 0. The solution of the EOM in Eq. (3.44) can be now expressed as
F = ωke−iη0 1√
6Λ0
− ω3−ke−iη0 1√
6Λ0
+O(), (3.47)
and the branch k = 0 only gives us the consistent solution F = 0. Therefore, the
SUSY is preserved in the branch k = 0, while SUSY is spontaneously broken in the
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Figure 2: On-shell potential for k = 1 with m4Λ0 = 10. The right figure corresponds to s = 0 in the
left figure.
branches k = 1, 2. Note that the values of F in the branches k = 1, 2 are F =
e−iη0 i√
2Λ0
,−e−iη0 i√
2Λ0
, respectively, and the phase of F in the vacuum depends on the
direction of a limit approaching to the vacuum in Eq. (3.46).
3.3.3 Example 2: Cosine-type potential
Next, we consider a cosine potential in SUSY 3-form gauge theories. In order to generate
the cosine potential, we should choose a suitable real function Λ so that the function G
has the same structure as the function in Eq. (2.20). We choose it as follows:
Λ =
1
| − 1
4
D2Y |4
M2Fˆ arcsin( Fˆ
M2
)
+M4
√
1− Fˆ
2
M4
− 1
2
Fˆ 2
 . (3.48)
Here, Fˆ is defined by
Fˆ := −
√
2i
8
(D2Y − D¯2Y¯ ). (3.49)
The θ = θ¯ = 0 component of Fˆ is identified as the field strength F :
Fˆ | = −
√
2i
8
(D2Y − D¯2Y¯ )| = F. (3.50)
In this choice, the function G is given by
G = M2F arcsin
(
F
M2
)
+M4
√
1− F
2
M4
+
1
2
H2, (3.51)
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which is the same as the function in Eq. (2.20). The on-shell potential in Eq. (3.36) is
therefore
V = −M4
√
1− F
2
M4
+
1
2
H2. (3.52)
Note that we can choose the desired function G thanks to the denominator | − 1
4
D2Y |4
in Λ.
Now, we express the on-shell potential V in terms of ϕ by solving the EOM for F .
The EOM for F is
− 1√
2
ic−mϕ = ∂G
∂F =
∂H
∂F
∂G
∂H
+
∂F
∂F
∂G
∂F
=
1√
2
H − i√
2
M2 arcsin
(
F
M2
)
. (3.53)
The real part of the equation gives us
H = −ms, (3.54)
while the imaginary part gives us
F = −M2 sin
(
mφ+ c
M2
)
. (3.55)
Substituting the solutions into Eq. (3.52), we obtain the Lagrangian with the following
potential for s and φ:
V = −M4 cos
(
mφ+ c
M2
)
+
1
2
m2s2. (3.56)
We thus have obtained the cosine potential for the pseudo-scalar field in addition to
the mass term for s.
4 Summary
In this paper, we have discussed a topological coupling of a 3-form gauge field with
a pseudo-scalar field in SUSY higher derivative 3-form gauge theories. We have used
a ghost/tachyon-free higher derivative Lagrangian of the 3-form gauge field. We have
shown that the potential for the pseudo-scalar field is generated by substituting the
solution of the EOM for the 3-form gauge field. We have presented two examples of the
higher derivative Lagrangians and the corresponding potentials for the pseudo-scalar
field. One is the quartic order of the field strength, which was described in Ref. [44].
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Another example is a SUSY extension of the bosonic model proposed in Ref. [6], which
generates a cosine potential for the pseudo-scalar field.
There can be some applications of the above Lagrangians. For example, we can
apply them to SUGRA inflationary models. In this application, inflaton can be iden-
tified as the pseudo-scalar field. Since the pseudo-scalar field is shift-symmetric in the
Lagrangian discussed in this paper, it can be a candidate for the origin for flatness of
the inflaton potential. Furthermore, the higher derivative terms of the 3-form gauge
field may play an important role to flatten the inflaton potential in SUGRA inflationary
models as in the bosonic models in Ref. [21].
In order to apply the mechanism of the generation of the potentials to the infla-
tionary models, we should embed the topological coupling and the higher derivative
terms into SUGRA. It will be convenient to use conformal SUGRA [105–111], since
we can obtain the canonically normalized Einstein–Hilbert term by the superconformal
gauge-fixing and avoid a tedious super-Weyl rescaling [107]. We will address the issue
elsewhere.
In this paper, we have considered the potentials generated by the topological cou-
pling and the higher derivative terms, but not considered the kinetic terms. In SUSY
higher derivative theories of chiral superfields, it is known that kinetic terms in on-
shell Lagrangians can also be deformed by higher derivative terms. If Λ is a constant
as in the example 1 in Sec. 3.3, there are solutions to the auxiliary fields (so-called
non-canonical branches) where the on-shell canonical kinetic term for the scalar field
y vanishes [63, 65, 66, 72, 74, 77] in addition to the conventional solution F = 0 (the
canonical branch) giving rise to the usual kinetic term. It would be interesting to con-
sider how the solutions are deformed in the presence of the topological coupling and
the higher derivative terms with an arbitrary order of the field strength, which we have
used in this paper.
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